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$H^{k}(U, \mathrm{C}_{U}),$ $(U=\mathrm{C}^{n}\backslash V(f))$ . , $f$ $0$
$\mathrm{Q}[x_{1,\ldots,n}x]$ .
, , [12], [13]
D- \neq Grothendieck-Deligne
comparison theorem [6], [4] .
. , $X\backslash V(f)$ $\mathrm{C}$- , $\mathcal{V}$
$U$ 1 $H^{k}(U, \mathcal{V})$ –
. [14] .
1.
$A_{n}=\mathrm{Q}\langle x1, \ldots, Xn’\partial_{1}, \ldots, \partial n\rangle$




$0$ $(i\neq j)$ .
,
. ( [1, p.69 Theorem 234], [3, p.114
Theorem 2] ) ( [1, p.167 Theorem 37.13],
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Algorithm 1..1 (Computation of the cohomology groups $H^{k}(U,$ $\mathrm{C}U)$ )
Input: a polynomial $f\in \mathrm{Q}[x_{1}, \ldots, x_{n}]$ .
Output : $H^{k}(U, \mathrm{C}_{U})$ for $0\leq k\leq n$ where $U=\mathrm{C}^{n}\backslash V(f)$ .
1. Find aleft ideal $I$ such that
$\mathrm{Q}[x, \frac{1}{f}]\simeq A_{n}/I$
as a left $A_{n}$-module.
2. Let $J$ be the formal Fourier transform of $I$ ;
$J=I_{1_{x_{i^{rightarrow-}}}}\partial i^{\partial}’ i^{rightarrow x}i$ .
3. Compute a free resolution of length $n+1$
$A_{n}^{p_{-(+1)}}n.L^{-(n+1)}arrow Ap-nn.arrow A^{pn}n\ldots\cdot A_{n}L^{-n}-(-1)L^{-1}arrow p0arrow A_{n}/Jarrow 0$ ,
$(p_{0}=1)$ of $A_{n}/J$ by using Schreyer’s theorem [5, Theorem 15.10] with an order which
refines the partial order defined by the weight vector
$\partial_{1}$ $\partial_{n}$ $x_{1}$ $x_{n}$
$( 1 1 -1 -1 )$.
4. Compute the cohomology groups of the complex of $\mathrm{Q}$-vector spaces
$(A_{n}/(_{X_{1n}}A+\cdots+xnAn)\otimes_{A}nAp-k)n’ 1\otimes L^{-k}arrow$ .
Then, the $(k-n)$-th cohomology group $\mathrm{K}\mathrm{e}\mathrm{r}(1\otimes L^{k-n})/{\rm Im}(1\otimes L^{k-n-1})$ of the complex
above tensored with $\mathrm{C}$ gives $H^{k}(U, \mathrm{C}_{U})$ .
1 Procedure 2..1 . 2, 3, 4 Procedure
3..1 . 2, 3, 4 $A_{n}/I$
$H^{k-n}(A_{n}/(\partial_{1}A_{n}+\cdots+\partial nA_{n})\otimes AnA\mathrm{L}n/I)$ ,
$\mathrm{p}.\text{ }$ . $\mathcal{D}$- ,
$A_{n}/(\partial_{1}A_{n}+\cdots+\partial_{n}A_{n})\otimes_{A_{n}}^{\mathrm{L}}A_{n}/I$
$\int_{\mathrm{C}^{n}}A_{n}/I=\int_{\mathrm{C}^{n}}\mathrm{Q}[x, 1/f]$




Procedure 2..1 (Computing the differential equations for $1/f$ ; step 1 of Algorithm 1..1).
Input: $f$ .
Output: a left ideal $I$ of $A_{n}$ such that $\mathrm{Q}[x, 1/f]\simeq A_{n}/I$ .
1. (Computation of the annihilating ideal of $f^{s}$ )
Compute
$\langle t-f(_{X}), \frac{\partial f}{\partial x_{1}}\partial t+\partial_{1}, \ldots, \frac{\partial f}{\partial x_{n}}\partial t+\partial_{n}\rangle\cap \mathrm{Q}[t\partial t]\langle X, \partial x\rangle$ .
Replacing $t\partial_{t}\mathrm{b}\mathrm{y}-s-1$ , we obtain the left ideal Ann $f^{s}$ in $\mathrm{Q}[s]\langle x, \partial x\rangle$ .
2. (Computation of the -function of $f$ )
Compute the generator $b(s)$ of
$\langle$Ann $f^{s},$ $f\rangle$ $\cap \mathrm{Q}[s]$
by an elimination order $x,$ $\partial_{x}>s$ .
3. Let $r_{0}$ be the minimum integral root of $b(s)–0$ . Put $I=$ $($Ann $f^{s})_{Sarrow}r_{0}$ . Then, we
have $\mathrm{Q}[x, \frac{1}{f}]\simeq A_{n}/I$ .
$b(s)$ $f$ b- .
2. 1 $f=x(1-x)$ ,
Ann $f^{s}=\langle x(1 - x)\partial_{x}-s(1-2X)\rangle$
. $f$ b- $s+1$ ,
$[(1-2X)\partial_{x}+4(1+s)]fs+1=(s+1)f^{s}$ ,
. ,
$\mathrm{Q}[x, 1/f]\simeq \mathrm{Q}\langle x, \partial_{x}\rangle/\langle x(1-X)\partial_{x}+(1-2X)\rangle$
.
2. 2 $f=x^{3}-y^{2}$ . $\mathrm{Q}[x, y, 1/f]\simeq A_{2}/I$ $I$
. $\mathrm{k}\mathrm{a}\mathrm{n}/\mathrm{k}0$ .
In (9) $=$ a $=$ annfs $(\mathrm{x}^{\wedge}3-\mathrm{y}^{\sim}2, [\mathrm{x},\mathrm{y}])$ ;
Computing the Groebner basis of
$[ \mathrm{v}*\mathrm{t}+\mathrm{x}3\wedge-_{\mathrm{y}}arrow 2 , -\mathrm{v}*\mathrm{u}+_{1} , -3*\mathrm{u}*\mathrm{X}\wedge 2*\mathrm{D}\mathrm{t}+\mathrm{D}\mathrm{x} , 2*_{\mathrm{u}*\mathrm{y}*_{\mathrm{D}\mathrm{t}\mathrm{D}\mathrm{y}}}+ ]$
with the order $\mathrm{u},$ $\mathrm{v}>$ other elements.
In (10) $=_{\mathrm{a}}$ :
$[3*_{\mathrm{x}^{\wedge}}2*\mathrm{D}\mathrm{y}+2*\mathrm{y}*_{\mathrm{D}\mathrm{x}}$ , $-6*(-1-\mathrm{S})-2*_{\mathrm{x}}*_{\mathrm{D}3\mathrm{y}}\mathrm{x}-**_{\mathrm{D}\mathrm{y}^{-}6]}$
165
In (11) $=\mathrm{b}=\mathrm{R}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{C}\mathrm{e}\mathrm{d}\mathrm{B}\mathrm{a}\mathrm{S}\mathrm{e}$ (Eliminatev (Groebner (Append $[\mathrm{a},\mathrm{y}^{\wedge}2^{-}\mathrm{x}^{-}3]$ ) ,
[$\mathrm{x},\mathrm{y}$ , Dx, Dy] $))$ ;
In (12) $=\mathrm{b}$ :
$[ -216*\mathrm{S}3^{-}\sim 648*\mathrm{S}2\wedge-642*\mathrm{s}-210 ]$
In (13) $=\mathrm{F}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{o}r(\mathrm{b}[0])$ :
$[[-6,1 ]$ , [$6*\mathrm{s}+5$ ,11, $[6*\mathrm{s}+7,11, [\mathrm{s}+1,1] ]$
$s=-1$ b- ,













Procedure 3..1 [13] (Computing the $D$-module theoretic integral of $A_{n}/I$ ; steps 2, 3 and
4 in Algorithm 1..1)
Input: a left ideal $I$ of $A_{n}$ . ( $A/I$ is holonomic.)
Output: $\mathrm{T}\mathrm{h}\mathrm{e}-k$-th cohomology groups of $A_{n}/(\partial_{1}A_{n}+\cdots+\partial_{n}A_{n})\otimes_{A_{n}}^{L}A_{n}/I$ for $0\leq k\leq n$ .
1. Let $J$ be the formal Fourier transform of $I$ ;
$J=I_{1_{x_{i^{rightarrow-\partial}i}}},\partial_{i}\mapsto x_{i},(i=1,\ldots,n)$ .
2. Let $G$ be a Gr\"obner basis of the left ideal $J$ with the weight vector $w$ . Find the
generator $b(\theta_{1}+\cdots+\theta_{n})$ of
$\langle in_{w}(G)\rangle \mathrm{n}\mathrm{Q}[\theta 1+\cdots+\theta_{n}]$ , $\theta_{i}=x_{i}\partial_{i}$ .
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3. Let $k_{1}$ be the maximum integral root of $b(s)=0$ . If there exists no integral root, then
quit; the cohomology groups are all zero in that case.
4. Let $<_{w}$ be a refinement of the partial order by $w$ . Construct a free resolution
$A_{n}^{p_{-(+}}n1).L^{-(n+1)}arrow Ap_{-n}n.arrow A_{n}L^{-n}p-(n-1)\ldots\cdot L^{-1}arrow A^{p}n^{0}arrow A_{n}/Jarrow 0$
with $p_{0}=0$ by using the Schreyer orders associated with $<_{w}$ .
5. (Computation of degree shifts) Put $s_{1}^{0}=0$ and
$S_{i}^{k+1}= \max 1\leq j\leq p-k(ord_{w}(L_{ij}-(k+1))+Sk)j$ $(1\leq i\leq p-(k+1))$
successively.





as a complex of $\mathrm{Q}$-vector space where $xA_{n}=x_{1}A_{n}+\cdots+x_{n}A_{n}$ . Then, the $(k-n)$-th
cohomology group
$\mathrm{K}\mathrm{e}\mathrm{r}\overline{L}^{k-n}/{\rm Im}\overline{L}^{k-n-1}$
of this complex gives $H^{k}(U, \mathrm{C}_{U})$ .
2 , $in_{w}(\Sigma_{(}a,b)\in I^{C}abX^{a}\partial b)$ w-
$\langle w,(a,b)\sum_{m\rangle=}C_{ab}x^{a}\partial b$
, $m= \max_{a(,b)\in I}\langle w, (a, b)\rangle$
. $\langle\cdot, \cdot\rangle$ $\mathrm{Z}^{2n}$ .
3. 1 $\mathrm{Q}[x]$ $f=x(1-x)$ . $A$ $\mathrm{Q}\langle x, \partial_{x}\rangle$ .
$\mathrm{Q}[X, 1/f]\simeq A/\langle p\rangle$ , $p=x(1-X)\partial x-(2x-1.)$ . $P$
$\hat{p}=-x\partial_{x}^{\mathit{2}}$ -x . -X
$-x\hat{p}=\theta(\theta-1)+x\theta$ , $\theta=x\partial_{x}$
. , ( Frobenius
$x=0$ ) $S(s-1)$ . ,
$k_{1}$ 1 . $A/\langle\hat{p}\rangle$
$0arrow A^{\cdot}arrow A(x\partial^{\frac{9}{x}-}x\partial_{x})arrow A/\langle\hat{p}\ranglearrow 0$





, $F_{1}/(F_{-1}+xA)$ 1 $\cdot(x\partial_{x}^{2}-x\partial x)\equiv 0$
$H^{-1}=F_{0}/(F_{-1}+xA)=\mathrm{Q}$ , $H^{0}=F_{0}/(F_{-1}+xA)=\mathrm{Q}^{2}$
. $U=\mathrm{C}\backslash \{0,1\}$
$H^{0}(U, \mathrm{C}_{U})=\mathrm{C}$ , $H^{1}(U, \mathrm{C}_{U})=\mathrm{C}^{2}$
. , $x=0$
$x=1$ 1 .
3..2 (Cohomology groups of $\mathrm{C}^{2}\backslash V(x^{3}--y)2$ )
$\mathrm{k}\mathrm{a}\mathrm{n}/\mathrm{k}\mathrm{O}$ .
In (43) $=\mathrm{b}\mathrm{b}=\mathrm{b}\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{F}\mathrm{o}\mathrm{r}\mathrm{I}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{l}([3*\mathrm{x}^{arrow}2*\mathrm{D}\mathrm{y}+2*\mathrm{y}*_{\mathrm{D}-}\mathrm{X},2*\mathrm{X}*\mathrm{D}_{\mathrm{X}^{-3**}}\mathrm{y}\mathrm{D}\mathrm{y}-6], [\mathrm{x},\mathrm{y}^{]})$ ;
In (44) $=\mathrm{b}\mathrm{b}$ :
$[, -216*\mathrm{S}^{-}3+_{432}*\mathrm{S}^{\wedge}2-264*\mathrm{s}+48 ]$
In (45) $=$ Factor $(\mathrm{b}\mathrm{b})$ :
$[[-24 , 1 ]$ , $[ 3*\mathrm{s}-_{2} , 1 ]$ , [ s-l , 1 ], [ $3*\mathrm{s}-_{1}$ , 1 11
In (46) $=_{\mathrm{i}\mathrm{n}}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}10\mathrm{f}\mathrm{M}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ ( $[3*\mathrm{x}^{\wedge}2*\mathrm{D}\mathrm{y}+2*\mathrm{y}*\mathrm{D}\mathrm{x}$ , $-2*\mathrm{X}*\mathrm{D}\mathrm{X}-3*\mathrm{y}*_{\mathrm{D}\mathrm{y}}-_{6]}$ , $[\mathrm{x}$ ,yl , 1,1,2):
1, 1, 2 , , ,
.
O-th cohomology: $[ 0 , [ ]$ $]$
-l-th cohomology: $[ 1 , [ 1 ]$
$-2^{-}\mathrm{t}\mathrm{h}$ cohomology: $[ 1 , [ ]$ $]$
$H^{0}(U, \mathrm{C}_{U})=\mathrm{C}$ , $H^{1}(U, \mathrm{C}_{U})=\mathrm{C}$ , $H^{2}(U, \mathrm{C}_{U})=0$
.
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